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Reasons for Performing Refinement
s To improve phasing
s To try to verify that the structure is ‘correct’ t

s To obtain the ‘best’ values for the parameters in the model

[ Trial model \ 1 :

Incorrect atom type assignments for some coordinates

*

The model that

i | . best represents
Missing structural details: groups of lighter atoms not yet located ! the data A

*

Atomic coordinates not very accurate

*

*

Disorder not yet identified or modeled

*

Hydrogen positions not yet determined

N

/
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Principles of Least Squares

Set on N observations: Y1, Y2, .---Yn

weight assignhed to the observations: wi, wa, ....WN

n
S = Z W [yz',obs — yi,calc]Q

1=1
Unknown p parameters: 1, Z2, ....Lp
Yi,calc — Ml(ﬂ?l,ilig, ---»xp)

Y2, calc — M2(3317 L2y .-y ajp)
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Principles of Least Squares

S = Z Ww;j [yz',obs _ yz’,calc]2

1=1

Yi,cale = Mz(X) R ...

S = sz Wi obs — M;(x)]?
i=1

INn the matrix form:

S = [y — M(x)]"Wly — M(x)]

M
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Principles of Least Squares

S = [y — M(x)]" Wy — M(x)]
W is a diagonal square matrix representing individual weights

0

0 (V00)
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Principles of Least Squares

S = sz i obs — M;(x)]°
il

Condition for S to be a minimum:;

(93::, Z wy yz obs ( )] ij J 9

The model functions, M,(x), are, in general, nonlinear

) Normal |

equationsy’;

*

1\IUCr Electron CrystallographySchool 2026,8th to 10th of August, Calgary, Canada



Linear Least Squares

Y1,calc — Ml (X) . bl 2

- A11 X1

- A12X2 T

Y2.cale = M2 (X) e b2

Yn,calc — Mn(X) = bn +— Ap1L1 + Ap2To + ... + UnpLp

Yi,calc — Mz (X) — bz

a21x1q

p

aA22X2

E g5 4 = 1, ...

i

In Matrix form: M(X) = b+ Ax

anN1
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Linear Least Squares

S = [y — M(x)]"Wly — M(x)]

T T

M(x) =b + Ax

S =[(y —b) — Ax]' W[(y — b) — Ax]
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T
E w; yi,obs_bi_g T
=i

Linear Least Squares

D

k=1

T p T
E A5 W; E Qi T = E a’ijwi(yi,obs — b?l) J=1,..p
i=1 k=1 i=1

Normal equations of the weighted linear least-squares problem
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Linear Least Squares

D n e
Z Z Qi W; Ak | T = Z ;5 W; (yi,obs . b’a)
k=1 \i=1 | i=1 |
Tt T ;
(ATWA) A" W(y —b)];

Normal equations
(matrix notation)

A"WAx = A"W(y — b)

|'
A

Py .

.‘ : '...l.
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Solution is:

Linear Least Squares

A'"WAx = A"W(y — b)

x = (ATWA)"'A"W(y — b)

The explicit computation of the inverse
(ATWA)' is avoided in practice

¥

1%
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Linear Least Squares

LATWA& ATWy b)

-
N

N is a symmetric
positive-definite matrix

Nx =q

q

Solved using:
*Cholesky decomposition

*‘QR decomposition
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Cholesky factorisation

symmetric, pos. def.

N = LL*

4

0

i)

L

lower triangular

[
y

0

%

a1 31
lao 32

0O 0

LT

upper triangular
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Cholesky factorisation

N =LL*
The system Nx = q is solved in two triangular steps:

—_ forward substitution
LL'x=q | Lz=q | Z
T
Z
back substitution

Lix=2z | X

Limitations: it requires forming N=A"WA explicitly, which squares the
condition number. This can cause loss of accuracy.
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QR factorization

Instead of forming the normal equations (Nx=q) explicitly, this approach works directly- ¢
on the weighted data matrix

A'"WAx = A'"W(y — b)

A=W:32A weighted least-squares .
1 problem is equivalent to % *
r=W: (y _ b) A an unweighted oneon A
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(QH q12
q21 422

\9N1 dN?2
A

design

matrix

N Xxp

QR factorization

q
)|

CIJifp) \ 0

Q

orthonormal
columns

Nxp

13 Tlp\
23 T2p
33 3p
0 T'pp/
R
upper
triangular
RxP
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QR Factorisation for Least-Squares Problems

| (QR)”(QR)x = (QR)¥

(QR)" =R'Q"

ﬁQR avoids the explicit formation \

of the normal matrix N R QTQ X = RTQTf'

*‘Numerically more stable when

A =QR

parameters are highly correlated ™m

\or the matrix is ill-conditioned ) RT RX o RT QT f‘
[(RT)—lRT]RX :[(RT>—1RT T4
| | back substitution

I:n I:n Rx=Q'¢ 1 X
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Nonlinear Least Squares

Expanding the model function M(x) around the starting point Xo in Taylor’s /}
series and retaining only the linear terms we obtain the equation:

-~

¥

M;(x) = M;(xq) + Z Jij(X0)(x — X0);

"

=1 \
M(X) S M(X()) + J(XQ)AX Matrix form :
AX = (X . XO) Vector of parameter shif;'s";-
J(XO) - RN Xp [J (XO)]?;j — %f"" Jacobian matrix
J -
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The Gauss Newton Algorithm

Gauss Newton algorithm for each k iteration

(1) Compute the search direction Ax as the solution of the linear system/’

»

J'WIAx = I Wy — M(x)]
(2) Set X, = X1 + AX

(3) If not converged go to (1), else stop.
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Gauss-Newton-Type Methods
s Gauss-Newton method with a line search

Set Xp_1 = X + aAx

L1

where called step length, is such that the algorithm is in descendant condition:
S(xr + aAx) < S(xx)

Is chosen by a line-search procedure

s Levenberg-Marquardt algorithm modify the normal equations in
(JTWI + \DAx = T W[y — M(x)]

where | is the identity matrix, A is a damping factor
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Standard deviations

Variance-covariance matrix: Vm — (JTWJ)—l

-

(Vw)jjs
n—p

o(xj) =

4

N is the number of observations

b

p is the number of unknown parameters

(V ) __Isthe corresponding diagonal element of the variance-covariance
L/J1J) matrix

-

Inversion via Cholesky [N — 1

(LTL)—l . L—l(LT)—l al L—l(L—l)T
Inversion via QR N—l . (RTR)—l = R—l(RT)—l — R—l(R—__l)f

o W= A
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Newton-like Methods

Quadratic approximation g(Ax) to S at the current point xx
1 \
S(xp + Ax) =~ S(x1) + VS; Ax + §AXTHk Ax = q(AX)

V S;. is the gradient at xi, a column vector of dimension p

2
Hj isthe Hessian matrix at xi, p X p symmetric H,. = 0”5
8332' 833j
dq '
:VSk+HkAX:O | HkAXZ_VSk

0(Ax)

Advantages: very fast convergence near the solution \
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Quasi-Newton Methods

Hk; AxX = —VSk

T Gauss-Newton
Hk . 2Jk WJk - 2Bk Bk ~0 | approximation

N
62MZ‘ X
=" wp (g — Mi(a)) g ;x@
i L

Since computing Hk exactly is prohibitively expensive, quasi-Newton methods
iteratively approximate it using only gradient information. BFGS and L-BFGS
directly update an approximation of Hy, avoiding the computation of Jx and
requiring only gradient evaluations.

Programs using L-BFGS: Phenix, CNS, Rosetta, GROMACS/AMBER/CHARMM,
SciPy

L
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Conjugate-gradients methods

At each iteration Xk+1 — Xk +@@H Search direction
| Pr = —8k +@pk—1 t

Step length by line search |

R st Conjugate gradientt Several formulas exist!
The most common are
/- Fletcher-Reeves and’
. Polak-Ribiéree. It is
chosen to make px and
P« COnjugate. :
Each step undoes part of the last — many Two A-conjugate steps reach the exact pz_ A :p‘7 — 0 (?} # j?

Zig-zags minimum

Advantages: no Hessian is required, low memory consumption, particularly suitable
for very large optimization problems, each iteration is computationally inexpensive..

Disadvantages: rarely competitive with Gauss—=Newton / Levenberg-Marquardt. &=

IUCr Electron Crystallography*School 2026,8th to 10th of August, Calgary, Canada



The Conjugate Gradient Method for Solving Linear Systems

(JTWJ) Ax = — JTWr Gauss-Newton |

Solving Ax=Db>b

Is equivalent to minimizing the quadratic function

1
f(x) = §XTAX —b'x

This approach combines improved convergence
properties with the low memory requirements and
computational efficiency of iterative solvers, making it
particularly attractive for large-scale optimization
problemes.
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Maximum Likelihood

For each observation y;, we can write the probability of observing it given the
model X as a conditional distribution M;(x)

p(y: | x)

p(y; | x)

If the errors are Gaussian with standard deviation o

p(yi | %) = ﬁ - (_ (i = Mi<x>>2>

p(y; | x)

Common distributions: Gaussian, Poisson,
Rice, Wilson, Cauchy (Lorentzian), Laplace.
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Maximum Likelihood

Assuming the observations are mutually independent, the joint probability of all
observations is the product:

— Hp(yz | X) the likelihood function

The ML estimate consists in finding the x that maximises this sum.

In L(x Z Inp(y; | x)

The quantity that is actually m|n|m|sed

—In L(x Zlnp Yi | X)

ML refinement in programs

such as REFMACS5 and Phenix.refil;ll_ef
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Maximum Likelihood

—In L(x Zlnp Yi | X)

p(yi | x) = ai\l/ﬁ exp (_ (. 21\04;(}(;))2)

1
Gaussian error distribution

(yi,obs _ yz’,calc)2
5 = Z 2

ok
1=1 ¢

ML with Gaussian errors coincides with least squares.
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Functions to minimize

n
S — sz [yi,obs = yi,calc]2

1=1

S =3 wn(F? — FE2)?
h

(

.

This is currently the most widely used method

and the only one implemented in SHELX

\

J
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Weights

n
1
S = sz [Y3,005 — yi,calc]2 Wi = 5
= g (yi,obs)

S=Y wn(F? - F)? 8 =) wp(Fy - F)
h

*

wil ¥ 2 1 0) 2 o) JQ(F}?Q)
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Model and Parameters

F¢ = KZO t;(s)f;(s) exp [2mi(ha; + ky; + 12;)]
g=l
s is sin Oy /A

n is the total number of atoms in the unit cell

fj Is the atomic scattering factor determined by the atom type

x;,Y;,%; arethe fractional coordinates of the jth atom in the unit cell
t; Isthe temperature factor (atomic displacement parameters)

O; is the occupation factor

K is a scale factor Each atom is described by 9-10 parameters.
About 8-10 reflections per parameter

Flack parameter
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Isotropic Displacement Parameter

s — KZOLQ V (s) exp [2mi(hx; + ky; + 12;)]

N

sin® 6
tj (S) = eXp(_Bj )2

) = exp(—B;s°)

B; is the displacement parameter of the jth atom

™\
\

_ o
Bj—8ﬁ<u >

<ut> ; 1s the root mean square deviation in A

U; = B;/8n One independent parameter per atom

1%
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Anisotropic Displacement Parameters

= KZ O* f(7 lEsEl2me(he, + ky; + [z;)]

N o

t; = exp | - (B{1h2a*2 + BJ,k2b*2 + Bil2c*?

+2Bhk a*b" + 2B;hl a*c + 2Bkl b c”)| '

t; = exp [ — 272 (UY, h2a*? + UL k2b*2 + Uly12c*? i
| | | Bj, Bj, Bi;
FUY Bk a*b* + 2U. Rl a*c* + 2U3. kl b*c* } - , .
12 13 23 ) B’ = B%1 B%2 B%S
2y B}, B, Bi,

tj=exp[-h*'B’h*], h"=|kb*

/. .
SiX independent parameters per atom =

|IUCr Electron CrystallographySchool 2026,8th to 10th of August, Calgary, Canada
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Residual Factors

s The weighted R-factor based on F? (WR, wR?2)

> un(F? - R
h
>
h
s The unweighted R-factor based on F (R, RJ)
D IF - F
h
> B
h

1/2

whRy =

Ry =
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Residual Factors

s Goodness of fit (GooF, GoF, S).

GoF

) wn(Fy - FE)?
h

n—p

1/2
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Constraints

Constraints are mathematical relationships between parametefs

L

Symmetry constraints are mandatory and automatically imposed by the program

*

s Special position
e.g., atom on special position (

N |+~
N | =

,%) should non be refined,

b/

atom on special position (X, X, X) in space group P23 should have,
equal shift on x\y,z
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Constraints

Constraints imposed by the user to reduce the number of pa rameters

s Riding model (move H atoms synchronously with the C atqrﬁ_s)

s Occupation factor
e.g., A,B atoms in same site: occA + occB =1

s

s Rigid groups

L

s Constraints on ADPs (TLS groups)
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Restraints
S=> wn(|F2)? - [P+ ) w;(TP —T5)
h J

¢ isthe value of some target function computed from
J  the structural parameters

T Is the corresponding value taken from some other source
J (databases, similar structures, computational chemistry, ...

Restraints are generally applied under one (or both) of two situations:

*The starting model is very poor
*Normal refinement has produced an unacceptable structure
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Refinement Strategies

s Adapt strategy to model quality

Very good model

Unreliable model
or poor/scarce data

| full anisotropic refinement straight away

I a more cautious approach is required

Initialize the scale factor and average isotropic ADP from
the Wilson plot.

Refine atomic positions first.

Perform a few isotropic refinement cycles before
Introducing anisotropic ADPs.

For structures with heavy atoms, refine heavy atoms
anisotropically before extending to all atoms.

Don't refine each stage to completion N
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Refinement Strategies

s ADPs flag misassighed atom types

L1

+ Inspect ADPs carefully, they are powerful indicators of model errors,

+ Unusually large ADPs may indicate an incorrectly assigned atom type:.,

e.g. if a C atom (six electrons) is erroneously assigned as an N atom (seven electrons),
least squares will try to dissipate the extra electron by increasing the ADP

+ Extremely large ADPs often reveal spurious atoms that should be
removed.

. . . . *
+ Least-squares refinement can eliminate false atoms, but it cannot create
Missing ones.

IUCr Electron Crystallography*School 2026,8th to 10th of August, Calgary, Canada



Refinement Strategies

s ADPs

Highly elongated (cigar-shaped) ADPs usually indicate atom disorder |
or misidentified positions. Split the atom into two partially occupied,

sites with refined positions.

A” occ

one atom, one elongated ADP two partially occupied sites
suspicious: much longer than its neighbours positions and SOFs refined, |
- split [}
° O
> o

least squares stretched one ellipsoid A’occ=0.5

across two atomic positions occ(A’) + occ(A”) = 1

=0.5
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Refinement Strategies
s Finding missing atoms

* Use chemical knowledge (e.g. complete a phenyl ring geometrically)

* Or locate them in a Fourier synthesis

s Hydrogen atoms

hy*School 2026,8th to 10th of August, Calgary, Canada

grap

* | ocate by difference fourier maps at the end of isotropic ADP refinement

* Place H geometrically, refine the bonded (heavier) atoms anisotropicafly

IUCr Electron Crystallo



Refinement Strategies

s Hydrogen atoms refinement (3 strategies)

* Refine the H atoms with riding constraints '
* Refine them with restraints

* Recompute their positions geometrically after each cycle of refinement

X-H (X-ray) < X-H (nheutrons)

’ %  0,80-0,85A (X-ray) |

0 H ~O,96—O,98A(neutrons, electrons)
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